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We demonstrate that the physical reason for the nontrivial topological properties of Dirac
semimetals A3Bi (A = Na,K,Rb) is connected with a discrete symmetry of the low-energy ef-
fective Hamiltonian. By making use of this discrete symmetry, we argue that all electron states
can be split into two separate sectors of the theory. Each sector describes a Weyl semimetal with a
pair of Weyl nodes and broken time-reversal symmetry. The latter symmetry is not broken in the
complete theory because the time-reversal transformation interchanges states from different sectors.
Our findings are supported by explicit calculations of the Berry curvature. In each sector, the field
lines of the curvature reveal a pair of monopoles of the Berry flux at the positions of Weyl nodes.
The Z2 Weyl semimetal nature is also confirmed by the existence of pairs of surface Fermi arcs,
which originate from different sectors of the theory.
PACS numbers: 71.10.-w, 03.65.Vf, 71.15.Rf
Introduction. Three-dimensional (3D) Dirac semimet-
als whose conduction and valence bands touch only at
discrete (Dirac) points in the Brillouin zone with the elec-
tron states described by the 3D massless Dirac equation
are 3D analogs of graphene. Historically, bismuth [1] was
the first material where it was shown that its low-energy
quasiparticle excitations near the L point of the Brillouin
zone are described by the 3D Dirac equation with a small
mass [2]. Since the Dirac point is composed of two Weyl
nodes of opposite chirality which overlap in momentum
space, it can be gapped out. Therefore, even if the 3D
Dirac point is obtained accidentally by fine tuning the
spin-orbit coupling strength or chemical composition, it
is, in general, not stable and is difficult to control.
It was proposed in Refs. [3, 4] that an appropriate
crystal symmetry can protect and stabilize the 3D Dirac
points if two bands which cross each other belong to dif-
ferent irreducible representations of the discrete crystal
rotational symmetry. By using the first-principles cal-
culations and effective model analysis, A3Bi (A=Na, K,
Rb) and Cd3As2 compounds were identified in Refs. [5, 6]
as 3D Dirac semimetals protected by crystal symmetry.
Various topologically distinct phases can be realized in
these compounds by breaking time-reversal and inversion
symmetries. By making use of angle-resolved photoemis-
sion spectroscopy, a Dirac semimetal band structure was
indeed observed [7–9] in Cd3As2 and Na3Bi, opening the
path toward the experimental investigation of the prop-
erties of 3D Dirac semimetals. For a recent review of 3D
Dirac semimetals, see Ref. [10].
Closely related to 3D Dirac semimetals are Weyl
semimetals. They were proposed to be realized in py-
rochlore iridates [11], topological heterostructures [12],
and magnetically doped topological insulators [13]. Al-
though not experimentally observed yet, Weyl semimet-
als have been very actively studied theoretically (for re-
views, see Refs. [14–16]). A Weyl node is topologically
nontrivial because it is a monopole of the Berry flux in
momentum space. This is also the reason why Weyl
nodes can appear or annihilate only in pairs [17].
The simplest way to turn a Dirac semimetal into a
Weyl one is to apply an external magnetic field, which
breaks time-reversal symmetry. This can be realized even
in high-energy physics context [18]. In fact, the corre-
sponding transition might have already been observed
in Bi1−xSbx for x ≈ 0.03 [19] and in Cd3As2 [20]. In
the case of Bi1−xSbx [19], the authors measured nega-
tive magnetoresistivity at not very large magnetic fields
that might be a fingerprint of a Weyl semimetal phase
[17, 21] (see, however, the discussion in Ref. [22]). In the
case of Cd3As2, a magnetic field driven splitting of Lan-
dau levels consistent with the Weyl phase, time-reversal
symmetry breaking, and a nontrivial Berry phase were
detected [20].
The existence of surface Fermi arcs [11, 23–25] is an-
other fingerprint of Weyl semimetals, associated with the
nontrivial topology. Such arcs connect Weyl nodes of op-
posite chirality. The shape of the arcs depends on the
boundary conditions and can be engineered [26]. The
two Fermi arcs on opposite surfaces, together with the
Fermi surface of bulk states, form a closed Fermi surface.
This implies, in particular, that the chemical potentials
for different chirality quasiparticles near distinct Weyl
points must be the same in a static system [23].
Normally, one would not expect surface Fermi arcs
in 3D Dirac semimetals because the Berry flux van-
ishes for Dirac points with vanishing topological charges.
However, calculations of Refs. [5, 6] suggest that Dirac
semimetals A3Bi (A = Na,K,Rb) and Cd3As2 possess
nontrivial surface Fermi arcs. This is an indication of
2a topologically nontrivial nature of such Dirac semimet-
als. In fact, as we argue below, the situation is remi-
niscent of topological insulators, in which there is a Z2
topological order associated with the time-reversal sym-
metry [27–31]. This is further supported by the fact that
the breaking of time-reversal or inversion symmetry in
Dirac semimetals causes splitting of the surface Fermi
arcs into a pair of open segments resembling the arcs in
Weyl semimetals [5]. In this Rapid Communication, we
explain the reason for the existence of nontrivial topolog-
ical properties of the A3Bi compounds and shed light on
their analytical structure in the low-energy theory.
Hamiltonian. Our starting point in the analysis will be
the low-energy effective Hamiltonian for electron excita-
tions in A3Bi (A = Na,K,Rb) derived in Ref. [5]. The
explicit form of the Hamiltonian is given by
H(k) = ǫ0(k) +H4×4, (1)
H4×4 =


M(k) Ak+ 0 B
∗(k)
Ak− −M(k) B∗(k) 0
0 B(k) M(k) −Ak−
B(k) 0 −Ak+ −M(k)

 . (2)
Note, that the Hamiltonian of the same form is also valid
for structure I of Cd3As2 (see Ref. [6]). The diagonal
elements of the Hamiltonian are given in terms of two
quadratic functions of momenta, ǫ0(k) = C0 + C1k
2
z +
C2(k
2
x + k
2
y) and M(k) = M0 − M1k2z − M2(k2x + k2y).
The off-diagonal elements are determined by the func-
tions Ak± and B(k) = αkzk
2
+, where k± = kx± iky. The
eigenvalues of Hamiltonian (1) are
E(k) = ǫ0(k)±
√
M2(k) +A2k+k− + |B(k)|2. (3)
It is easy to check that the square root vanishes at the
following two Dirac points: k±0 = (0, 0,±
√
m), where
m ≡ M0/M1. The function B(k), which can be inter-
preted as a momentum dependent mass term, also van-
ishes at the Dirac points.
The general considerations of the current study will
apply to the compounds A3Bi (A = Na,K,Rb), but
our numerical results will be presented for Na3Bi. By
fitting the energy spectrum of the effective Hamilto-
nian with the ab initio calculations for Na3Bi, the fol-
lowing numerical values of parameters in the effective
model were extracted [5]: C0 = −0.06382 eV, C1 =
8.7536 eV A˚
2
, C2 = −8.4008 eV A˚2, M0 = −0.08686 eV,
M1 = −10.6424 eV A˚2, M2 = −10.3610 eV A˚2, A =
2.4598 eV A˚, and lattice constants are a = b = 5.448 A˚,
c = 9.655 A˚. Since no specific value for α was quoted in
Ref. [5], we will treat it as a free parameter below. For
most of our analysis below, however, the actual values of
the model parameters are not very important. We will
use them only when presenting some numerical results.
In the simplest case of a vanishing mass function B(k)
(or, equivalently, for α = 0), the Hamiltonian H4×4 takes
a block diagonal form: H4×4(α = 0) ≡ H+2×2⊕H−2×2. Its
upper block is given by
H+2×2 =
(
M(k) A(kx + iky)
A(kx − iky) −M(k)
)
(4)
and has a very transparent physical meaning. It defines
the simplest version of a Weyl semimetal with two Weyl
nodes located at k±0 . (The lower block H
−
2×2 has a sim-
ilar form, except that kx is replaced by −kx.) It is well
known [25, 32] that such a Weyl semimetal has the sur-
face Fermi arc in the form of a straight line connecting
the Weyl nodes of opposite chirality at k+0 and k
−
0 . Be-
cause of the sign difference, kx → −kx, the chiralities of
the states near the Weyl nodes at k±0 are opposite for the
upper and lower block Hamiltonians. Thus, the complete
4× 4 block diagonal Hamiltonian H4×4(α = 0) describes
two superimposed copies of a Weyl semimetal with two
pairs of overlapping nodes. The opposite chirality Weyl
nodes coincide exactly in the momentum space and, thus,
effectively give rise to two Dirac points at k±0 . At the
same time, because the Weyl nodes come from different
blocks, they cannot annihilate and cannot form topo-
logically trivial Dirac points. In fact, the corresponding
approximate model describes a Z2 Weyl semimetal. The
nontrivial topological properties, associated with the un-
derlying Z2 Weyl semimetal structure, ensure that the
resulting Dirac semimetal possesses surface Fermi arcs.
It is easy to show that the existence of the Z2 Weyl
semimetal structure in this simplest case is connected
with the continuous symmetry U+(1) × U−(1) of the
approximate Hamiltonian H4×4(α = 0). This symme-
try describes independent phase transformations of the
spinors that correspond to the block Hamiltonians H+2×2
and H−2×2, respectively.
Symmetries. It is well known that, for B(k) = const,
the symmetry U+(1) × U−(1) is broken to its diagonal
subgroup Uem(1) that describes the usual charge con-
servation. However, as we show below, the low-energy
Hamiltonian (1) with the momentum dependent mass
function B(k) = αkzk
2
+ possesses a new discrete sym-
metry that protects the Z2 Weyl semimetal structure.
Before discussing this symmetry, let us start by point-
ing out that the Hamiltonian (1) is invariant under the
time-reversal and inversion symmetries, i.e.,
ΘH−kΘ
−1 = Hk (time-reversal symmetry), (5)
PH−kP
−1 = Hk (inversion symmetry), (6)
where Θ = TK (K is a complex conjugation) and
T =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

 , P =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 . (7)
Of course, these two symmetries are expected in Dirac
semimetals such as A3Bi, and they do play an important
3role in understanding their physical properties. The less
obvious is the following symmetry defined by the trans-
formation:
UH−kzU
−1 = Hkz (ud parity), (8)
where matrix U has the following block diagonal form:
U ≡ diag(I2,−I2) and I2 is the 2 × 2 unit matrix. We
call it the up-down (ud) parity because its eigenstates
for B(k) = 0 in view of the block-diagonal structure of
Hamiltonian (2) correspond to bispinors with only two
upper or lower nonzero components that describe a Weyl
semimetal with a pair of Weyl nodes. It should be noted
that, for the Hamiltonian to be invariant under this sym-
metry, it is crucial that the mass function B(k) changes
its sign when kz → −kz [while the functions ǫ0(k) and
M(k) in the diagonal elements do not change their signs].
Were the mass function momentum independent, such a
discrete symmetry would not exist.
The existence of the time-reversal (5) and ud parity (8)
symmetries has an important implication that we will
now explain. The argument relies on the fact that all
quasiparticle states in the low-energy model of a Dirac
semimetal naturally split into two separate groups, clas-
sified by the eigenvalues of the operator Uχ = UΠkz .
(Here Πkz is the operator that changes the sign of the
z component of momentum, kz → −kz.) Taking into
account that U2χ = 1, the eigenvalues of Uχ are ±1. Fur-
thermore, the corresponding eigenstates are not invariant
under time reversal. This follows from the fact that the
operators of time-reversal Θ and ud parity Uχ transfor-
mations do not commute. This implies that each group of
quasiparticle states with a fixed eigenvalue of Uχ defines
a distinct copy of the Weyl semimetal, for which time
reversal is broken. Of course, the time-reversal symme-
try is not broken in the complete system including both
Uχ sectors. In view of the Uχ symmetry, we can clas-
sify the corresponding Dirac semimetal as a Z2 Weyl
semimetal. The situation resembles that of topological
insulators [27–31], which are time-reversal invariant due
to the Z2 topological order parameter.
Each Weyl subsystem, described by quasiparticle
states with a fixed eigenvalue of Uχ, has well defined
Fermi arcs connecting the Weyl nodes at k±0 . These arcs
are topologically protected and cannot be removed by
small perturbations of model parameters.
In our discussion of Fermi arcs, it will be also useful to
take into account that there exists yet another discrete
symmetry defined by the following transformation:
U˜H−kxU˜
−1 = Hkx , (9)
where
U˜ =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 . (10)
Of course, the product of the Uχ and U˜Πkx transfor-
mations UχU˜Πkx = TΠkxΠkz is also a symmetry of the
low-energy Hamiltonian (1). Note that the symmetry
TΠkxΠkz is related to the time-reversal symmetry if we
take into account that KΠky is also the symmetry of
Hamiltonian (1). Together the operators Uχ, U˜Πkx , and
TΠkxΠkz form a non-commutative discrete group.
Eigenstates of Uχ. Since Hamiltonian (1) commutes
with Uχ, its eigenstates with eigenvalues E(k) given by
Eq.(3) can be chosen as eigenstates of Uχ, too (alterna-
tively, we can choose the energy eigenstates to be eigen-
states of the U˜Πkx or TΠkxΠkz symmetries). These
eigenstates have the following form:
ψ+(k) = N+


1
E(k)−ǫ0(k)−M(k)
Ak+
B(k)
Ak+
0

 , (11)
ψ−(k) = N−


−B∗(k)
Ak−
0
1
−E(k)−ǫ0(k)−M(k)
Ak−

 . (12)
Here N± are normalization constants and the subscript
± means the eigenvalue of Uχ. It is not difficult to check
that U˜Πkx transforms ψ+ into ψ− and vice versa. Notice
that the bispinors ψ± in the case with a vanishing mass
function, B(k) = 0, describe fermions of definite chirality
in the vicinity of the k±0 points.
Berry curvature. In order to explicitly reveal the Z2
Weyl semimetal structure of A3Bi (A = Na,K,Rb), we
calculated the Berry connection and the Berry curvature
for each sector described by the ψ±(k) states. Due to the
double degeneracy of the states with the same energy in
the present case, the Berry curvature is a matrix with
non-Abelian gauge structure [33]:
Amn(k) ≡ − i
2
[
ψ†m(k)(∇kψn(k)) − (∇kψ†m(k))ψn(k)
]
,
Fmn(k) ≡ ∇k ×Amn − iAml ×Aln. (13)
where m,n, l = ± and the summation over l is performed
in the last equation. The four components of the Berry
connection Amn(k) define a U(2) gauge field. The Berry
curvature components F++(k) and F−−(k) are plotted in
Fig. 1. The numerical results are shown for α = 50 eV A˚
3
and the energy eigenvalue in Eq. (3) with the positive
sign in front of the square root. (Up to the reflection
kx → −kx and the change of direction of the vector fields,
the plots for the other sign of root look qualitatively the
same.)
The results for the diagonal components of the curva-
ture in Fig. 1 show that each sector with a definite eigen-
value of Uχ contains a pair of Berry curvature monopoles
with charges ±1. Such a dipole structure in the mo-
4FIG. 1: (Color online) The projection of the Berry curvature
F++(k) (left panel) and F−−(k) (right panel) on the ky = 0
plane.
mentum space is an unambiguous signature of a Weyl
semimetal in each of the sectors.
We would like to emphasize that the presence of the
mass function B(k) does not affect the property of the
diagonal Berry curvature F++(k) [or F−−(k)] to have
nonzero divergencies at the Weyl nodes. Mathematically,
the qualitative behavior of the curvature in the vicinity
of the nodes is preserved because B(k) vanishes at k±0 .
Away from the Weyl nodes, on the other hand, the mass
function does affect the behavior of the Berry curvature.
This is already seen in Fig. 1, where slight distortions
of the dipole configurations become visible. It can be
checked that distortions become much stronger at larger
values of parameter α. We found, however, that the op-
posite charge monopoles of the Berry flux remain well
resolved even for α as large as 250 eV A˚
3
.
It is interesting to point out that the off-diagonal
components of the Berry curvature F+−(k) [as well as
F−+(k)] are nonzero only because of the nontrivial mass
function B(k). The complete implications of this fact re-
main to be investigated. This task, however, is beyond
the scope of the present Rapid Communication.
Surface Fermi arcs. The nontrivial topological struc-
ture of the ψ+ and ψ− sectors implies that the A3Bi
compounds should have surface Fermi arcs. Previously,
the surface Fermi arcs in these 3D Dirac semimetals were
studied in Ref. [5] by using an iterative method to obtain
the surface Green’s function of the semi-infinite system
[34]. The imaginary part of the surface Green’s function
makes it possible to determine the local density of states
at the surface. In our study here, we employ the contin-
uum low-energy model and enforce appropriate boundary
conditions for the quasiparticle spinors at the surface of
the semimetal. As we will argue, such a consideration
makes the physical properties of the surface Fermi arc
states more transparent.
We assume that semimetal is situated at y ≥ 0 and is
infinite in the x and z directions. The simplest implemen-
tation of the boundary condition for the semimetal states
on its surface follows from the replacement ofm with −m˜
and taking the limit m˜ → ∞ on the vacuum side of the
boundary [25]. Taking into account that the Fermi arc
states should be localized at the y = 0 boundary, we can
look for the surface state solution in the following form:
Ψ(r) = Ψ1e
−p1y +Ψ2e
−p2y, (14)
where Ψi can be chosen as the eigenstates of the Uχ sym-
metry and pi are the positive (that are necessary for the
normalization of the wave function) roots of the charac-
teristic equation
[
C2(k
2
x − p2) + C1k2z + C0 − E
]2
+A2(p2 − k2x)
− [M0 −M1k2z −M2(k2x − p2)]2 − α2k2z(p2 − k2x)2 = 0.
(15)
The wave function on the vacuum side has a similar form,
but with the replacement pi → −p˜i, where the definition
of p˜i is similar to that of pi, but m is replaced by −m˜.
(In the calculation, we take the limit m˜ → ∞, which
prevents quasiparticles from escaping into vacuum.)
Matching the wave functions across the boundary, we
obtain the following equation:
(
Q+1 −Q+2
) (
Q−1 −Q−2
)− (T+1 − T+2 ) (T−1 − T−2 ) = 0,
(16)
where
Q±i = −
C2(k
2
x − p2i ) + C1k2z + C0 − E ∓ Akx
M0 −M1k2z −M2(k2x − p2i )−Api
, (17)
T±i = −
αkz(pi ± kx)2
M0 −M1k2z −M2(k2x − p2i )−Api
. (18)
The numerical solutions for the surface Fermi arcs are
shown in Fig. 2 for several fixed values of the Fermi en-
ergy and α = 1 eV A˚
3
. In the special case of E = 0,
our results are in qualitative agreement with the results
obtained in Ref. [5] by using a different method.
Other materials. By combining the first-principles cal-
culations and effective model analysis, it was recently
predicted [35] that the ternary compounds BaY Bi (Y =
Au,Ag,Cu) are Dirac semimetals. The low-energy effec-
tive Hamiltonian of these compounds is similar to that
of A3Bi (A = Na,K,Rb), but with a different structure
of the mass terms
Hternary = ǫ0(k) +H
′
4×4, (19)
where
H ′4×4 =


M(k) Ak+ 0 Bkzk
2
+
Ak− −M(k) −Bkzk2+ 0
0 −Bkzk2− M(k) Ak−
Bkzk
2
− 0 Ak+ −M(k)

 .
(20)
Since Hamiltonian (19) is invariant with respect to the Uχ
symmetry transformation, our conclusions remain valid
5FIG. 2: (Color online) The surface Fermi arcs for α = 1 eV A˚
3
and energy E = 0,±50,±100 meV.
for these compounds. Thus, these Dirac semimetals are
Z2 Weyl semimetals too.
In conclusion, as we argued in this Letter, Dirac
semimetals A3Bi (A = Na,K,Rb) are, in fact, Z2 Weyl
semimetals. The conclusion is supported by the existence
of the ud parity Uχ that allows us to split all states into
two sectors with each describing a Weyl semimetal. It is
the combination of both sectors that gives rise to a Z2
Weyl character of the corresponding semimetals. Natu-
rally, the time-reversal and inversion symmetries are pre-
served in such a theory. The situation might be reminis-
cent of topological insulators, where the topological order
is protected by the time-reversal symmetry [27–31].
The symmetry arguments used in the current study
are rather powerful. They suggest that the main conclu-
sions should remain unchanged even in the presence of
interaction effects, provided the latter do not modify the
low-energy spectrum in a qualitative way. A weak disor-
der [36] and a subcritical Coulomb interaction [37] are the
examples of such effects that exist in realistic materials,
but are not expected to change our main conclusions.
The fact that the compounds A3Bi (A = Na,K,Rb)
are Z2 Weyl semimetals has important implications. On
the one hand, it sheds light on the existence of surface
Fermi arcs in such materials. This is particularly im-
portant in view of the recent experimental confirmation
of such states in Na3Bi [38]. Additionally, it predicts
the same types of quantum oscillations as in true Weyl
semimetals [32], with the period dependent on the thick-
ness of the semimetal slabs. Indeed, when the two Weyl
sectors are protected from mixing by the Z2 symmetry,
their contributions will simply superimpose. Further-
more, when the time reversal is broken (e.g., by magnetic
impurities), we anticipate that the superposition of two
oscillations with nonequal periods will be observed.
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